
Greek Letters 
9 = catalyst effectiveness factor 
p = viscosity 
p = density, g./cc. 
4 = fugacity coefficient 
+s = Thiele modulus 
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A Generalized B-W-R Equation of State 
W. C. EDMISTER, J. VAIROGS, and A. J. KLEKERS 

Oklahoma State Un’ivenity, Stillwater, Oklahoma 

The Benedict-Webb-Rubin Equation of State has been generalized by expressing the eight 
constants as functions of critical pressure, critical temperature, and acentric factor. An evalua- 
tion of the resulting generalization against the observed P-V-T data of thirteen hydrocarbons 
and carbon dioxide shows 0.3 to 2.0% average deviations of the calculated pressures from 
the observed, as compared with 0.2 to 1.4% when using the individual (that is, nongeneralized 
constants for each component. Standard errors of estimate for 1,464 experimental data points 
were 0.0089 for the proposed generalization vs. 0.0084 for the original B-W-R Equation. 

As originally developed and applied to the computation 
of thermodynamic properties of hydrocarbons and their 
mixtures, the Benedict-Webb-Rubin (7 ,  8 )  Equation of 
State employed a set of eight individual constants for 
each hydrocarbon. These eight constants were derived 
empirically by fitting the equation to experimental P-V-T 
data. 

Efforts to develop generalizations for the prediction of 
these constants have had on1 limited success (9, 13, 17, 

cal temperature. Hansen (13) used critical temperature 
to correlate generalized constants reduced with critical 
volume. Opfell, et al. (17), used critical temperature, 
critical pressure, critical voIume and acentric factor (19) 
in their generalization. Su and Viswanath ( 2 8 )  used the 
critical temperature and critical pressure in a generaliza- 
tion similar to the Su-Chan.g (27) treatment of the Beattie- 
Bridgeman Equation. 

28) .  Canjar, et al. ( 9 ) ,  corre ir ated the constants with criti- 

These three genera‘lizations employed one, two, and four 
properties of the components. In the generalization study 
reported here, three of these properties, the critical tem- 
perature, the critical pressure, and the acentric factor, 
have been employed in the development of reduced con- 
stant relationships for the B-W-R Equation. 

C R I T I C A L  TEMPERATURE AND PRESSURE EFFECTS 

The first step in the study was to replace the pressure, 
temperature and density parameters of the original B-W-R 
Equation with reduced parameters. This was done in the 
way suggested by Su, et al. (27, 28) ,  starting with the 
original specific form of the B-W-R, namely: 

P =  R T d +  (BoRT- -Ao-Co/T2)d2+  (bRZ‘-u)d3 
cd3 

T2 
+ clad6 + - (1 + yd2) exp (- yd2) (1) 
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The P,  T ,  and d terms are replaced by the following averages are shown in Table 2. The spread between low 
and high is from 30 to 300%. Average values of these 

PC P =  Pc?r T =  TcB d = p -  
RT, 

same Gduced constants obtained by gu and Viswanath 
( 2 8 )  by another technique are also given. These two - ~- 
averages are rather far apart, as can &seen. If a set of 
average values of these reduced constants is desired, those 
of Su and Viswanath are probably better than those ob- 
tained in this work, 

The use of average values of the constants is not recom- 
mended, however. The a’d product is more nearly non- 

where m, 8, and p are reduced parameters, defined by 
these substitution relationships. 

?r = ep + (B’& - A’, - cf,/e2)pz + (we  - u ~ ) ~ ~  
This substitution and rearrangement gives 

. ^  
c’pd variant than the other constants and might be fixed at an 

+ (a’a’)ps 7 (l y’p2) exp (- ””) ( 2 )  average value. This was done in the present work. 

TABLE 1. REDUCED B-W-R CONSTANTS FOR TWELVE HYDROCARBONS DERIVED FROM SPECIFIC VALUES OF BENEDICT ET AL. ( 8 )  

b Pcz a Pcz a Pc3 c Pc2 Y pc= a’ = - a’ = - c’ = - y’=- A’,=-C,=- b‘=- AoPc CPC BoPc 

R Tc E2Tc2 RzTc4 R2Tc2 R3Tc3 R3Tc3 R3Tc5 R2TcZ Hydrocarbon Bb = - 

Methane 
Ethylene 
Ethane 
Propylene 
Propane 
&Butane 
i-Butene 
n-Butane 
i-Pentane 
n-Pentane 
n-Hexane 
n-Heptane 

0.1244 
0.1195 
0.1210 
0.1290 
0.1346 
0.1480 
0.1339 
0.1337 
0.1394 
0.1355 
0.1278 
0.1210 

0.3456 
0.3090 
0.3185 
0.3090 
0.3135 
0.3286 
0.3000 
0.3107 
0.2046 
0.2732 
0.2490 
0.2410 

0.1151 
0.1109 
0.1050 
0.1660 
0.1695 
0.1637 
0.1779 
0.1692 
0.1892 
0.2160 
0.2220 
0.2235 

0.02884 
0.03960 
0.04130 
0.04293 
0.04310 
0.04910 
0.04605 
0.04620 
0.05063 
0.04988 
0.05630 
0.05630 

0.02890 
0.05140 
0.05115 
0.05940 
0.05880 
0.06700 
0.06537 
0.06240 
0.07530 
0.07910 
0.08820 
0.08670 

0.003096 
0.001757 
0.001742 
0.001585 
0.001609 
0.001337 
0.001386 
0.001132 
0.001122 
0.001169 
0.001043 
0.000982 

0.03795 
0.05239 
0.05195 
0.05900 
0.05955 
0.05930 
0.06070 
0.05795 
0.06560 
0.07250 
0.07270 
0.0708 

0.05120 
0.04250 
0.04380 
0.04185 
0.04210 
0.03935 
0.03910 
0.03925 
0.03510 
0.03545 
0.03443 
0.03330 

where 

a Pc2 
a’ = __. 

R3Tc3 
a Pc3 

a’ = - 
R3Tc3 

c Pc2 
c‘ = - 

R3Tc5 

Eight reduced constants are defined above in terms of 
the specific constants and the criticals plus the gas con- 
stant. These reduced constants are dimensionless. 

Using the values of the specific constants, obtained by 
Benedict, et al. (8), for twelve hydrocarbons and their 
criticals, the reduced B-W-R constants were computed 
via the above definitions. These are tabulated in Table 1 
for the twelve hydrocarbons included in the Benedict, 
et al. ( B ) ,  work. 

From the values in Table 1, it is obvious that these re- 
duced constants do vary from component to component 
and that a single value cannot be used for each of the 
eight constants. The ranges of these variations and the 

ACENTRIC FACTOR EFFECTS 

The next step in this generalization was to find equa- 
tions that would predict these reduced constants from 
some physical property of the hydrocarbons. Acentric 
factor, proposed by Pitzer, et al. (19), as a third parame- 
ter (critical temperature and pressure, being the first and 
second) in correlating compressibility factors, was the 
property chosen in this work. 

TABLE 2. RANGES AND AVERAGES OF REDUCED B-W-R 
CONSTANTS 

Averages 
Range Table 1 

Constant low high values Su et al. (28) 

B’o 0.1195 

G O  0.1050 
b’ 0.02884 
a’ 0.02690 
a’ 0.000982 
C‘ 0.03795 
7’ 0.0333 
da’ O.oooO706 

A’o 0.2410 
0.1480 
0.3456 
0.2235 
0.05630 
0.08820 
0.003096 
0.07270 
0.0512 
o.oOoO941 

0.1306 
0.3088 
0.1688 
0.04587 
0.06430 
0.001497 
0.06006 
0.03979 
0.0000875 

0.07643 
0.24180 
0.21217 
0.037152 
0.04407 
0.002583 
0.06448 
0.060 
0.0001137 

Seven constants, all except a‘, were plotted against O, 

the acentric factor (19), and against Z,, the critical com- 
pressibility factor, to determine if the reduced constants 
were smooth functions of either of these two variables. 
Straight line relationships were first derived for both vari- 
ables and tested for all reduced constants except B’, and 
a’. The avera e values shown in TabIe 2 for B‘, and u’d 

functions of o and Z, are unsatisfactory with the Z ,  cor- 
relations giving larger deviations than O. 

Examination of the reduced constant plots shows a bet- 
ter trend for o than Z, plots. Correlation with respect to 
Zc was set aside in favor of O. Six of the reduced constants 

were used in t % ese tests. The results show that straight line 
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appeared to be higher order functions of O. The six re- 
duced constants were fitted with uadratic functions of 
w by a least squares method giving t 1 e following equations 

y’ = 0.052058 - 0.090640 + 0.105060~ (3)  

C’ = 0.035694 + 0.1852970 - 0.230125d (4) 
a’ = 0.0235866 + 0.2902840 - 0.295413~~ (5) 

b‘ = 0.0275404 + 0.1310090 - 0.134924~~ 

C‘, = 0.098224 f 0.4012360 - 0.03972670~ 

A’, = 0.343258 - 0.1275210 - 0.5091310~ 

(6) 

(7) 

(8) 

In this eneralization, a’ can be found from the constant 
value of t f e a‘d product, that is 

a’a‘ = 0.0000875 (9) 

and the value of a’ from Equation (5). These seven equa- 
tions permit evaluation of a11 the B-W-R constants except 
B’, which is not a clearly defined function of w. 

A similar quadratic expression was derived for B’, by 
using the values of the other constants from the above 
seven equations, [E uations (3) through (9)],  and using 
experimental P-V-T 1 ata for the 12 original B-W-R hydro- 
carbons to minimize the average absolute percent devia- 
tion in the ressure calculation. A total of 1,112 data 
points, incluing the critical point data of n-nonane and 
n-decane, were used in this determination of the B’, func- 
tion. The n-nonane and n-decane critical points were used 
to extend the correlation to higher w values since the 
P-V-T data for these components in the desirable density 
range is not available. The results of this optimization 
give the equation 

B’, = 0.113747 + 0.1273490 - 0.24328002 (10) 
No attempt was made to weigh the critical region data 

values. If the critical point is to be fitted with hig goint ac- 
or to fit the correlation specifically to the critical 

curacy, then the reduced constants cannot be obtained 
from the original B-W-R constants. This procedure would 
involve regression of all reduced constants using all of 
the experimental P-V-T data points with special weighing 
at the critical values. This is an extension project beyond 
the scope of this work. 

If B’, had been optimized, as in this work, with heavy 
emphasis at all the critical points, the avera e deviation 
for all other experimental P-V-T points wou f d suffer by 

iving a more restricted generalization that would be 
%etter near the critical point, but would give larger dedq- 
tions in other regions. ‘The present generalization is be: 
lieved to give the best results over the entire range af the 
equation’s applicability. Modification of the generalizatitln 
to include 2, in the reduced constants failed ta improve 
the correlation while intToducing an extra variable. 

EVALUATIONS 

This proposed generalized B-W-R Equation has been 
tested against two data compilations: 1. available P-V-T 
data for thirteen hydrocarbons and carbon dioxide, and 
2. the Pitzer, et  al. (191, generalized correlation of com- 
pressibility factors, Z ( P , ,  Tr, o). In each of these evalua- 
tions comparisons are made with other prediction methods. 

In the first evaluation, pressures were calculated from 
density and temperature values and compared with ex- 
perimentally observed pressures. Similar calculations were 
made with the original B-W-R (7) and with the Su- 
Viswanath (28 )  generalization of the B-W-R. The results 
of these calculations are summarized in Table 3. Absolute 
average deviations in pressure are given in Table 3 and 
deviations in pressure at the critical points are given in 
Table 4. Data sources are indicated. 

From the results given in Table 3 it is obvious that the 
proposed generalization is superior to the Su-Viswanath 
( 2 8 )  generalization but slightly inferior to the original 

(7) equation. Standard errors of estimate ( [ -!??- 1%) 
for the prediction of compressibility factors b these three 
e uations for the 1,464 data points were a r so found, as 

Original B-W-R 0.0084 
Proposed Generalized B-W-R 0.0089 

0.0208 Su-Viswanath Generalized B-W-R 

n - 1  . 

fo I lows: 

The worst deviations were in the critical region where 
errors up to S%, with the exce tion of methane, in pres- 
sure prediction are encounterel At the higher densities 
in the Tr < 1.2 and P > P ,  region, deviations up to 10% 
are found. The corresponding maximum deviations for the 
Su-Viswanath (28 )  equation are 9% and up to 50%, 
the latter being for the higher molecular weight hydro- 
carbons. 

In the second evaluation of the proposed generalized 
B-W-R equation, compressibility factors were computed 

‘rAl3LE 3. COMPARISON OF PROPOSED GENERALIZED B-W-H EQUATION W l l H  SW GENERALIWTION AND ORIGINAL FORM, 
USING INDIVIDUAL CONSTANTS, FOR PREDICTION OF PRESSURE 

Hydrocarbon 

Methane 
Ethylene 
Ethane 
Propylene 
Propane 
i-Butane 
i-Butene 
n-Butane 
GPentane 
n-Pentane 
n-Hexane 
n-Heptane 
n-Nonane 
n-Decane 
Benzene 
Carbon Dioxide 
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Number 
of points 

89 
110 
180 
I54 
109 
30 
62 
95 
66 
31 
13 
29 
1 
1 

142 
352 

Ref. 

15 
16 
3 
29 
5 
23 
4 
6 

2,s 
24 
14 
26 
1 
1 

12,18 
10,lI 

Original BWR (8) 

Dev. % Dev. % 
Avg. Abso. Mnx. 

0.376 + 2.25 
0.143 + 1.04 
0.322 + 1.02 
0.219 - 2.92 
0.361 + 1.39 
1.15 f 1.56 
0.330 + 2.41 
0.372 + 1.60 
1.43 + 10.56 
0.961 - 8.99 
0.769 - 2.14 
0.402 + 1.11 

No Values 
No Values 

0.367 - 1.58 
0.482 +21.30 

AlChE Journal 

SU’S 
Generalized BWR (28 ) 

Dev. % Dcv. % 
Avg. Abso. Max. 

2.43 - 8.85 
1.65 + 8.87 
1.43 + 8.78 
1.55 + 8.92 
2.72 -14.98 
1.58 -18.15 
2.40 + 8.91 
2.91 + 15.80 
3.28 + 14.66 
13.2 +59.51 
6.45 +40.53 
8.24 f 8.24 
7.55 + 7.55 
2.81 + 8.92 

2.03 - 9.71 

1.08 -31.25 

This Generalized BWR 
Avg. Abso. Max. 

Dev. % Dev. % 

1.97 + 16.76 
0.531 + 6.86 
0.574 + 5.55 
0.318 + 3.97 
1.35 - 9.11 
1.67 -13.98 
1.49 -10.65 
1.53 -10.35 
1.67 + 7.66 
0.611 - 7.82 
0.964 + 2.77 
1.84 + 3.44 
0.905 - 0.91 
2.575 - 2.58 
0.484 + 2.42 
0.494 -24.34 
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for 2,772 points (22 reduced temperature, 0.8 to 4.0; 21 
reduced pressure, 0.2 to 9; and 6 acentric factors, 0 to 
0.5) ( 2 0 ) .  Similar calculations were made with the origi- 
nal Redlich-Kwong ( 2 2 )  Equation and with its recent 
extension proposed by Redlich, et al. (21 ) . The last equa- 
tion is an empirical correlation, using 43 constants that 
are built into the program, the tables of Pitzer, et al. 
( 2 0 ) ,  and other information in the development of the 
program and evaluation of the constants. Two of the con- 
stants are those of the original Redlich-Kwong, while the 
remaining 41 appear in the new parts of the equation. 

Overall standard deviations obtained in applying these 
three equations to the 2,772 (20) compressibility factors 
are: 

Redlich, et al. (21 ) , New Equation 0.013 
Proposed Generalized B-W-R 0.025 
Original Redlich-Kwong (22) 0.054 

These comparisons indicate that the proposed generalized 
B-W-R Equation is superior to the original Redlich-Kwong 
Equation and almost as reliable as the new modification 
of the Redlich-Kwong Equation. 

TABLE 4. PERCENT DEVIATION” IN PHESSURE 
CALCULATION AT CRITICAL POINT 

Original s u  Our 
Hydrocarbon BWR generalization generalization 

Methane 2.25 8.64 12.35 
Ethylene 0.70 8.86 6.8G 
Ethane 0.41 8.78 5.55 

Propane 0 66 8,90 3.60 
i-Butane 0.77 8.82 2.40 
i-Butene 2.41 8.91 2.20 
n-Butane 0.08 8.92 2.26 
i-Pentane -3.41 8.92 2.15 
n-Pentane -1.48 8.18 1.64 
n-Hexane 0.89 8.79 1.07 
n-Hep tane -0.64 8.74 0.51 
n-Nonane - 8.24 -0.90 
n-Decane - 7.55 -2.57 
Benzene 0.61 8.92 1.97 
Carbon Dioxide 0.18 8.75 1.63 

Propylene 1.32 8.92 3.97 

Pccalc - ‘cobs 

‘Cobs 
O Percent Deviation = x 100 

CONCLUSIONS 

A generalized B-W-R Equation of State is presented. 
The reduced constants for this equation are functions of 
acentric factor. Further work mi ht improve the accuracy 

be to investigate the combination relationships for mixtures. 

NOTATION 

of this generalized equation but t a e next major step should 

A0 
a 
B O  

b 
co 

d 
n 
P 
R 
T 
z 

C 

= constant in BWR Equation of State 
= constant in BWR Equation of State 
= constant in BWR Equation of State 
= constant in BWR Equation of State 
;= constant in BWR Equation ofs ta te  
= constant in BWR Equation of State 
= density 
= number of points 
= pressure 
= gas constant 
= temperature 
= compressibility factor 

Greek Letters 

(Y = constant in BWR Equation of State 

y 
T = reduced pressure 
p = reduced density 
0 = reduced temperature 
w = acentricfactor 

Subscripts 

c 
T = reduced property 

Superscripts 
’ 

= constant in BWR Equation of State 

= property at critical point 

= generalized constant for BWR equation 
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